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Abstract
In this Letter we consider what happens to an M2-brane probe when Minkowski space is dimensionally reduced to a fluxbrane
solution of IIA supergravity. Given that fluxbrane reductions generally break supersymmetry, we look at how supersymmetry is
realised on the D2-brane probe after dualisation. We also show how to extend this to more general non-linear sigma models.
 2003 Elsevier Science B.V. Open access under CC BY license.1. Introduction
It is standard lore that, at the level of the low energy
effective action, dimensional reduction and T-duality
can break supersymmetry [1,2]: two supergravity so-
lutions related via T-duality or via dimensional reduc-
tion do not have in general the same number of super-
symmetries. Probably the best-known example is the
one obtained by dimensionally reducing Minkowski
space, written in spherical coordinates, over an angu-
lar Killing vector ∂ϕ . Minkowski space is of course
maximally supersymmetric, but the obtained solution
has no surviving supersymmetries. Many other ex-
amples were given in [1,2]. The breaking of super-
symmetry in these cases is due to the fact that, al-
though the (bosonic) solution admits an isometry, the
Killing spinors are not invariant under its action. In
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isation or dimensional reduction of supergravity solu-
tions, it is therefore necessary that the Killing spinors
are independent of the isometry direction that is con-
sidered [2].
This is of course an artefact of the fact we are
only dealing with the low energy effective action. If
one would take in account the full string spectrum
with all higher-order Kaluza–Klein modes, then it is
clear that supersymmetry is preserved, since dimen-
sional reduction and dualisations are merely rewritings
and canonical transformations [3]. Indeed, it has been
shown [4–7] that in the dualisation local realisations
of supersymmetry can be replaced by non-local reali-
sations, due to non-local world-sheet effects, but this
will never break supersymmetry at the level of the con-
formal field theory. Only while looking at the lowest-
mode approximation, supersymmetry can be lost in the
truncation.
There are some well-known examples where spe-
cific use is made of dimensional reduction along non-  
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rotations) in order to obtain new solutions. In [8–10]
it was realised that a dilatonic version of the Melvin
universe [11] can be obtained from dimensional re-
duction of flat space–time, if the higher-dimensional
solution has some non-trivial identifications [12–14].
The lower-dimensional solution describes a fluxtube,
with the vector potential being the Kaluza–Klein vec-
tor from the reduction. In [15] a ten-dimensional ver-
sion of this fluxtube (F7-brane in modern terminology)
was used to study the Green–Schwarz string action in
backgrounds with RR-fields, in [16] to point out a du-
ality between type IIA and type 0A, and in [17–19]
to construct supergravity solutions of D-branes and F-
strings undergoing the dielectric effect [20]. These so-
lutions are in general non-sypersymmetric due to the
dependence of the Killing spinors on the compactified
coordinate.
However, recently in [21–23] it was found that in
some specific cases, involving several carefully cho-
sen (magnetic) parameters, some amount of supersym-
metry can be preserved in the dimensional reduction.
In [24] a systematic study of these cases was made:
it turned out that dimensional reduction of flat space
along a Killing vector consisting of a translation and
a rotation will preserve some fraction of the super-
symmetry if the rotation lays in the isotropy alge-
bra of the Killing spinor, and these isotropy algebras
were classified. In this way, the Killing vector will
leave some Killing spinors invariant and the amount
of preserved supersymmetry is given by the number
of Killing spinor components that are independent of
the coordinate associated to the isometry direction. In
this way several supersymmetric fluxbranes have been
constructed.
In this Letter, we will use probe techniques to
study the (partial) breaking of supersymmetry in the
construction of these new fluxbrane solutions. More
specifically, we will study a simple toy model and
see what happens with an M2-brane probe in eleven-
dimensional Minkowski space, when the space is di-
mensionally reduced to a fluxbrane solution. The re-
duction is transverse to the probe such that the M2-
brane turns into a D2-brane probe in the fluxbrane
background. Given that the lower-dimensional back-
ground has less supersymmetry than the original
Minkowski space, it is to be expected that also the
world-volume theory living on the D2-brane probewill be less supersymmetric then the one living on the
M2-brane at the level of the non-linear sigma model.
Indeed, it is clear from [1,2] that (some) supersym-
metry will be broken due to explicit dependence of
the Killing spinor on the isometry direction. We will
show that, as in [24], with specific choices of the ro-
tational parameters, the world-volume theory on the
D2-brane will preserve a certain amount of supersym-
metry. The difference with the construction of [24]
lays in the fact that here, in the world-volume the-
ory, it is not the dimensional reduction directly that
is responsible for the partial supersymmetry breaking,
but the Hodge-dualisation of one of the embedding
scalars of the M2-brane into the Born–Infeld vector
of the D2-brane [25]. The amount of supersymmetry
on the world-volume after dualisation will be given by
the number of supersymmetry parameters that are in-
dependent of the dualised coordinate.
This Letter is organised as follows: in Section 2
we revise shortly the construction of supersymmetric
fluxbranes of [24] and discuss the conditions for super-
symmetry to be preserved in these solutions. In Sec-
tion 3 we consider the world-volume theories that live
on the M2- and D2-brane probes, performing a dimen-
sional reduction of the type done in [24], we see how
the Hodge-dualisation of the isometric scalar has to be
performed for the M2-brane world-volume action to
be reduced to the D2-brane action, first in the bosonic
case and then in the supersymmetric case. By look-
ing at the supersymmetry algebra and the invariance
of the action in the reduced theory, we show that the
same conditions for supersymmetry preservation hold
for the world-volume fields as for the backgrounds. In
Section 4 we argue that this procedure is quite gen-
eral and that the Hodge-dualisation of a scalar in any
non-linear sigma-model is compatible with (some part
of) the supersymmetry-algebra, as long as the Killing
vector associated to the dualised scalar commutes with
some subgroup of the super-Poincaré algebra. Finally,
our conventions on the spinors of the different groups
appearing in this Letter are given in Appendix A.
2. Reductions of Minkowski space
It is well known that the ten-dimensional dila-
tonic Melvin universe [8–10,15,16] can be obtained
via a dimensional reduction of eleven-dimensional
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[12–14]. After a reduction over a Killing vector ξ con-
sisting of a combination of a translation and a rotation
B ,
(2.1)ξ = ∂z +Bijxi∂j ,
a so-called fluxbrane is obtained, where the Kaluza–
Klein vector gives rise to a flux tube in the lower-
dimensional solution. It has been pointed out in
[21–24] that for specific choices of the rotation B , the
obtained fluxbranes could preserve some amount of
supersymmetry. In this section we will follow closely
the construction presented in [24].
The first step in the dimensional reduction is
choosing a coordinate system of Minkowski space
adapted to the Killing vector, such that ξ = ∂z. We start
from the standard coordinates on eleven-dimensional
Minkowski space. Firstly, we write the Killing vector
(2.1) as
(2.2)ξ =U−1∂zU, U = ezB.
The coordinate system adapted to the Killing vector ξ
is then defined by
(2.3)y =U−1 x,
since in these coordinates {yi, z} we have ξ y = 0. In
these coordinates Minkowski space is given by 1
dsˆ2 = ηµν dxµ dxν
+ (δij −Λ−1BikykBjmym)dyidyj
+Λ(dz−Λ−1Bij yidyj)2,
(2.4)Λ= 1 − yiBij Bjkyk.
Using the standard Kaluza–Klein ansatz, the corre-
sponding type IIA solution is given by
ds2 =Λ 12 ηµνdxµdxν
+Λ 12 (δij +Λ−1BikykBjlyl)dyidyj ,
1 The Greek indices µ run from 0 to 2 and the Latin indices
i from 1 to 7. This specific splitting of the eleven-dimensional
indices is motivated by that fact that we will later put an M2- and
D2-brane probe in the xµ-directions. We therefore restricted the
rotation on the Killing vector deliberately to the subspace transverse
to the xµs. This choice will of course limit the number of possible
supersymmetric solutions.φ = 3
4
lnΛ,
(2.5)Ci =Λ−1Bij yj .
It is interesting to know for what choices of B the
solution (2.5) preserves some supersymmetry. In gen-
eral, the amount of supersymmetry after dimensional
reduction over a Killing vector ξ is given by the num-
ber of supersymmetry parameters that are invariant
along the flow of the vector field. This is saying that
the Lie derivative of the (parallel) spinor  along ξ
should vanish:
Lξ  = ξADA + 14∂AξBγ
AB = 0
(2.6)(A,B = 0, . . . ,10).
In coordinates adapted to the Killing vector, this
implies that the spinor does not depend on the compact
coordinate: ∂z = 0.
In our setting, there are 32 parallel eleven-dimen-
sional spinors components  which are constants
in natural coordinates. The condition for preserved
supersymmetries in IIA then reduces to 2
(2.7)/B = 0.
In other words, the rotation B in our Killing vector
should leave some subset of the parallel spinors
invariant. Without loss of generality, B can always be
chosen of the following form:
B =


iασ2 0 0 0
0 iβσ2 0 0
0 0 iγ σ2 0
0 0 0 0

 ,
(2.8)where σ2 =
(
0 −i
i 0
)
,
i.e., we can always choose the rotation B to lie in the
Cartan subalgebra of so(7).3 Therefore, it should be
2 Note that this is still a condition on the eleven-dimensional
spinors . The condition in terms of the ten-dimensional supersym-
metry parameters is much more involved. For later convenience it
turns out to be easier to keep explicitly working with the eleven-
dimensional parameters for the rest of the Letter.
3 In order for the Killing vector not to have fixed points and the
reduced solution to be everywhere non-singular, the rotation B has
to lie in the SO(7) subgroup of SO(8).
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The number of supercharges Q of the type IIA fluxbrane solution
(2.5) preserved for different choices of B. The group g denotes the
subgroup of so(7) in which the rotation is contained
g Q
α = β = γ = 0 1 32
α =−β, γ = 0 sp(1) 16
α + β + γ = 0 su(3) 8
α + β + γ = 0 so(7) 0
contained in su(3) to preserve some of the supersym-
metries. In the parametrisation (2.8) this means
(2.9)α + β + γ = 0.
The number of preserved supersymmetries for differ-
ent choices of these parameters are given in the Ta-
ble 1, where Q denotes the number of preserved su-
persymmetries and g is the subgroup of so(7) in which
the rotation is contained. Note that if we add an M2-
or D2-brane probe, half of the supersymmetries will
be broken by the probe.
3. Hodge-duality on the probes
In the present section, we will study this reduction
process from the viewpoint of an M2/D2-brane probe.
We will simplify the theory on the probe by gauge fix-
ing the world-volume diffeomorphism invariance and
the κ-symmetry and Taylor expanding the membrane
(or Born–Infeld) action up to terms quadratic in the
derivatives of the fields. In that way, we obtain non-
linear sigma-models, and we will point out what hap-
pens when a scalar in theN = 8 theory, corresponding
to the M2-brane, is dualised into a vector in a theory
corresponding to the D2-brane. In particular we expect
this vector theory not to have N = 8 supersymmetry
anymore.
It is well known that a simplification to the level
of non-linear sigma-models could accidentally en-
hance the number of supersymmetries. A famous ex-
ample being an M2-brane probing orthogonal to an
eight-dimensional hyper-Kähler manifold. The world-
volume theory has N = 3 although the non-linear
sigma-model has N = 4 [26]. We will show though,
that such an enhancement does not appear in our set-
ting.3.1. Probing the bosonic background
Following the above procedure for an M2-brane
probe in eleven-dimensional Minkowski space, we
find that the resulting non-linear sigma model reads
(3.1)LM2 =−12∂µφ
i∂µφi − 1
2
∂µZ∂
µZ.
We thus trivially find eight non-interacting scalars.
The field Z corresponds to the position of the brane
in the z-direction, while the φi denotes degrees of
freedom in the xi-directions. On the other hand,
probing the background (2.5) with a D2-brane along
x0, x1, x2, gauge fixing and Taylor expanding yields
LD2 =−12∂µχ
i
[
δij +Λ−1BikχkχlBlj
]
∂µχj
− 1
4
Λ−1FµνFµν
(3.2)− 1
2
µνκΛ−1χiBij ∂µχjFνκ,
where Fµν = 2∂[µAν] is the field strength of the Born–
Infeld vector Aµ and the scalars χi denote the degrees
of freedom transverse to the D2. Λ is again given by
Λ= 1 − χiBijBjkχk .
It is well known that an M2-brane action transforms
into a D2-brane Born–Infeld theory by dualising the
scalar corresponding to the compact direction in the
M2-brane action into the Born–Infeld vector of the
D2-brane [25]. In the same spirit, the theory (3.1)
is transformed into (3.2) by dualising the coordinate
parametrising the flow along the Killing vector ξ
(2.1). In order to see this, we should first change to
coordinates in the target space of (3.1) adapted to ξ ,
meaning that we need the coordinate transformation
(2.3). The corresponding field redefinition is obviously
(3.3)χ = e−ZB φ,
and in terms of these new fields, the M2-probe (3.1)
reads
LM2 =−12Λ∂µZ∂
µZ− ∂µχiBij χj ∂µZ
(3.4)− 1
2
∂µχ
i∂µχi .
In order to dualise Z, we substitute Lµ = ∂µZ and
enforce the Bianchi identity ∂[µLν] = 0 by adding a
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(3.5)L= LM2 − µνκAµ∂νLκ.
Eliminating Lµ with its equation of motion yields the
dualisation condition for Z
(3.6)∂µZ =−12µνκΛ
−1Fνκ −Λ−1∂µχiBij χj ,
which filled in the action (3.5), yields the D2-brane
action (3.2).
3.2. Probing supersymmetric backgrounds
We will now extend this procedure to the super-
symmetric case and show that dualising a scalar into
a vector can break supersymmetry, as can be predicted
by looking at the background.
As Minkowski space is maximally supersymmetric,
the theory on the M2-brane probe has 16 supersymme-
tries. This fixes the (non-)linear sigma-model of (3.1)
to the following form (a = 1, . . . ,8): 4
(3.7)LM2 = 12∂µφ
a∂µφa + ˆ¯ψ/∂ψˆ,
while the N = 8 supersymmetry transformation rules
are 5
δφa = ˆ¯Γ aψˆ,
(3.8)δψˆ = 1
2
Γ a/∂φaˆ.
The R-symmetry algebra is so(8) and we used triality
to put the scalars into the vector representation, while
the spinors ψˆ transform as a spinor of both so(8) and
so(2,1) and the parameters for supersymmetry ˆ as a
cospinor.
To find the non-linear sigma model corresponding
to the D2-brane probe in the fluxbrane background,
we have to repeat the dualisation procedure in the
presence of fermions. As we first have to find target
space coordinates adapted to ξ , we have to single out
one scalar, just as in (3.1). This breaks the R-symmetry
to so(7). Therefore, we have to choose a special base
4 Our conventions on fermions and gamma matrices are ex-
plained in Appendix A.
5 Note that this is an on-shell algebra.for our so(8) gamma matrices
Γ∗ = σ3 ⊗ 18, C = 12 ⊗ C,
(3.9)Γ i = iσ2 ⊗ Γ˜ i , Γ 8 =−iσ1 ⊗ 18,
where σ1, σ2, and σ3 are the Pauli matrices. Further-
more we decompose scalars and the spinors as
φa = (φi,Z), ˆ =
(
1
0
)
⊗ ,
(3.10)ψˆ =
(
0
1
)
⊗ψ,
where ψ and  are Majorana spinor of so(7) and
so(2,1). The M2-brane action (3.7) and the supersym-
metry transformations (3.8) can then be rewritten as
(3.11)L′M2 =−
1
2
∂µφ
i∂µφi − 1
2
∂µZ∂
µZ− ψ¯/∂ψ,
and
δφi = ¯Γ˜ iψ, δZ =−i¯ψ,
(3.12)δψ =−1
2
Γ˜ i/∂φi − 1
2
i/∂φ.
We subsequently have to do the field redefinition (3.3)
on the fermions and the so(7) gamma matrices as well:
χ = e−ZB φ, θ = e− 14Z/Bψ,
γ i = e− 14Z/B(e−ZB)i j Γ˜ j e 14Z/B,
(3.13)ε = e− 14Z/B.
The resulting superalgebra is given by
δχi = iBijχj ε¯θ + ε¯γ iθ,
δZ =−iε¯θ,
(3.14)
δθ =−1
2
γ i/∂χiε− 1
2
i/∂Zε
+ 1
4
i/Bθε¯θ − 1
2
γ iBij χ
j /∂Zε,
and the new action Lagrangian
LM2 =−12Λ∂µZ∂
µZ− ∂µχiBij χj ∂µZ
(3.15)− 1
2
∂µχ
i∂µχi − θ¯/∂θ − 1
4
θ¯/∂Z/Bθ,
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in account that6
(3.16)δ1ε2 = 14 iε¯1θ/Bε2.
To dualise the action, we again write Lµ = ∂µZ, add
a Lagrange multiplier to enforce the Bianchi identity
and subsequently eliminate the Lµ from through its
equation of motion, which is the duality condition
∂µZ=−12µνκΛ
−1Fνκ −Λ−1∂µχiBij χj
(3.17)− 1
4
Λ−1θ¯ τµ/Bθ.
The resulting dualised action now reads
LD2 =−12∂µχ
i∂µχi
− 1
2
Λ−1∂µχiBij χjχkBkl∂µχl
− 1
4
Λ−1F 2 − 1
2
µνκΛ−1χiBij ∂µχjFνκ
− θ¯/∂θ − 1
8
Λ−1θ¯/F/Bθ − 1
4
Λ−1Bij χi θ¯/∂χj/Bθ
(3.18)+ 1
32
Λ−1θ¯ τµ/Bθθ¯τµ/Bθ.
Since the dualised action has become independent of
Z, we interpret it as the action of an D2-brane probe
in the background of the fluxbrane (2.5). The amount
of supersymmetry preserved after the dualisation de-
pends on the supersymmetry preserved by the back-
ground (2.5) and is given by the rotation B in the
Killing vector. In analogy with the action, we demand
the supersymmetry rules of (3.18) to be related to
(3.14). Actually, we ask that the transformation rules
for χi and θ remain the same, but substituting the
∂µZ-factors by their duality condition (3.17). Consis-
tency requires however that all Z-dependence should
drop out of the transformation rules, in particular also
the Z-dependence in the supersymmetry parameter ε.
We therefore also have to impose the following condi-
tion on ε:
(3.19)∂Zε = 0 ⇒ /B = 0, ε = .
6 Note that strictly speaking ε is not a parameter, due to the Z-
dependence.We thus see that only those components of  survive
that are annihilated by /B , which reduces the amount
of supersymmetry. Note that this is precisely the
condition (2.7) we found for the background (see
Section 4 for a discussion here on).
Finally, we still have to find the transformation of
the vector, with the condition that the supersymmetry
algebra should close and the action (3.18) should be
invariant. This can be done by asking that the dual-
isation condition (3.17) is invariant under supersym-
metry (using the equation of motion for the fermions).
Indeed we find that for the supersymmetry transforma-
tion rules
δχi = iBijχj ¯θ + ¯γ iθ,
δAµ = i¯τµθ − ¯τµγ iθBij χj ,
(3.20)
δθ =−1
2
γ i/∂χi + 1
2
Λ−1γ i/∂χkBij χjBklχl
+ 1
2
iΛ−1/∂χiBij χj − 14Λ
−1γ i/FBij χj
− 1
4
iΛ−1/F + 1
4
i/Bθ¯θ
+ 1
8
Λ−1γ iτµθ¯τµ/BθBijχj
+ 1
8
iΛ−1τµθ¯τµ/Bθ,
the supersymmetry algebra closes on-shell and the D2-
brane probe action (3.18) is invariant up to terms pro-
portional to /B, which are set to zero. The total num-
ber Q of supercharges preserved is thus determined by
B and can be found in Table 2.
In summary, from a D = 3, N = 8 theory with
eight scalars, we have constructed via the dualisation
of one of the scalars into a vector, the Lagrangian
(3.18), which is still invariant under the supersymme-
try transformations (3.20). The obtained theory with
seven scalars and one vector is however in general no
Table 2
The number of supercharges Q of the D2-brane probe (3.18)
preserved for different choices of B. The group g denotes the
subgroup of so(7) in which the rotation is contained
g Q
α = β = γ = 0 1 16
α =−β,γ = 0 sp(1) 8
α+ β + γ = 0 su(3) 4
α+ β + γ = 0 so(7) 0
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symmetries get broken, due to the dependence of the
supersymmetry parameter on the dualised coordinate.
4. General considerations
In the previous section, we have shown that it is
possible to dualise a scalar in the N = 8 multiplet
in such a way that the dualised theory has less
supersymmetry. This was to be expected as we were
probing with a non-linear sigma-model a supergravity
background which was losing supersymmetry while
dimensionally reducing. We will now show that this
breaking by dualisation is quite general.
The theory (3.7), (3.8) is maximally supersymmet-
ric and realises the extended super-Poincaré algebra.
We now look for an extra u(1) or R isometry G, which
acts as
(4.1)δGφa = λξa, δGψ = λt ·ψ,
where the parameter λ is a constant, ξa is a Killing
vector of target space,7 and t is the representation of
this isometry on the fermions, whose explicit form
will be determined shortly, but that consists of an
even number of gamma matrices to preserve the so(8)
chirality of the fermions under the transformations
G: t = t0 + tabΓ ab + tabcdΓ abcd . We would like to
find for which ξa and t (part of the) supersymmetry
is realised. The only non-trivial condition will come
from the commutator of the isometry transformations
with the supersymmetry (3.8).
In the most general case, the commutator of an
external symmetry and a soft supersymmetry algebra
can give a new supersymmetry transformation with a
field dependent parameter η:
(4.2)[δG, δQ] = δQ(η).
When we try to realise this for the isometry (4.1) and
the supersymmetry transformations (3.8), we notice
that such a realisation is trivial: the only transforma-
tions (3.8) that preserve all the supersymmetry are the
translations
(4.3)δGφa = Ca, δGψ = 0
7 I.e. it leaves the action (3.7) invariant.(Ca is a constant vector) and they necessarily com-
mute with the supersymmetry transformations (3.8).
This is of course the well-known case of standard re-
duction and dualisation in an isometry direction that
preserves all supersymmetry.
It is, however, possible to look for more general
cases, where only a subgroup of the Poincaré algebra
commutes with the isometry transformations (4.1),
which will in general break supersymmetry. When
we try to close the commutator of (4.1) and the
supersymmetry (3.8) on the scalars and the fermions,
we find the conditions
[δG, δQ]φa
=−λψ¯[Γ b∂bξa − (t(0) − t(2) + t(4))Γ a]
(4.4)= 0,
[δG, δQ]ψ
=−1
2
λ
[
Γ b∂bξ
a + (t(0) + t(2) + t(4))Γ a
]
/∂φa
(4.5)= 0,
where we took ∂at = 0 because it is the only commu-
tator term in (4.5) quadratic in the fermions. Equating
(4.4) and (4.5) then yields
t(0) = tabcd = 0,
(4.6)[Γ b∂bξa + tbc(Γ aΓ bc − 4δabΓ c)] = 0.
The latter condition has a simple solution of the form
(4.7)tab =−14∂[aξb], Γ
abtab = 0.
Hence, isometry transformations of the form (4.1)
will commute with the supersymmetry algebra and
preserve that part of the supersymmetry for which
/t = 0. Note that this coincides with the conditions
(2.7) and (3.19). Dualisation of a scalar along the
Killing vector ξ is precisely what we have done in
Section 3.
It is now obvious that these considerations are quite
general. In dimensional reduction, the (super)isometry
algebra of the reduced solution is that part of the isom-
etry algebra of the higher-dimensional field configura-
tion that commutes with the Killing vector used dur-
ing the reduction. Therefore, if we look at the theory
on the probes, the part of the supersymmetry algebra
commuting with the Killing vector will in general be
realised after the dualisation.
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We have shown how the world-volume supersym-
metry can be broken in the Hodge-dualisation involved
in transforming the world-volume effective action of
an M2-brane into a D2-brane, at the level of the non-
linear sigma model. In particular, we have looked at
an M2-brane probe in eleven-dimensional Minkowski
space and reduced this over a non-trivial Killing vec-
tor (involving both translations and rotations) to a D2-
brane probe in a fluxbrane background. Dualising one
of the 8 scalars in the D = 3, N = 8 theory living
on the world-volume of the M2-brane, we obtain a
D = 3 theory with seven scalars and one vector on the
D2-brane, that has less then N = 8 supersymmetry.
At the level of the background, the supersymmetry is
broken through the dependence of the Killing spinor
on the Killing vector. At the level of the M2-brane
world-volume theory, this translates into the fact that
the algebra has explicit dependence on Z (not only
via its derivatives). Consistency of the Kaluza–Klein
picture requires this dependence to vanish in the D2-
brane theory, such that only the components of the su-
persymmetry parameter survive that are invariant un-
der the action of the Killing vector. This technique
is similar to the well-known feature of supersymme-
try breaking in dimensional reduction in supergravity
solutions, as pointed out in [1,2], but to our knowl-
edge it is the first time that it is performed at the level
of the non-linear sigma models of brane effective ac-
tions.
As in the case of dimensional reduction of super-
gravity solutions, this supersymmetry breaking is a
consequence of the fact that we are limiting ourselves
to the level of the non-linear sigma model. If we would
take in account the full Born–Infeld effective actions
of the M2- and the D2-brane, the spinor components
that do depend on the compactified and dualised co-
ordinate would still enter in the game as higher-order
Kaluza–Klein modes and supersymmetry would the
completely preserved, analogously to what happens at
the level of the string world-sheet in the case of T-
duality [4–7]. However, since the non-linear sigma-
model is a consistent truncation of the full membrane
effective action, our results hold in this range of valid-
ity.
It is well known that D = 3 theories with 8 scalars
and N = 4 (N = 2) supersymmetry have hyper-Kähler (Calabi–Yau) target manifolds. An interesting
question that arises then is whether the target man-
ifolds that appear in the N = 4 (N = 2) theories
(3.18) with seven scalars and one vector are in some
sense related to these hyper-Kähler (Calabi–Yau) tar-
get manifolds. In other words, whether it would be
possible to dualise the vector back into a scalar, but
without enhancing the supersymmetry back to N = 8.
An obvious example is given by the action (3.15),
keeping the condition that /B = 0, for the different
choices of B as given in Table 2. Of course, the re-
sulting theory can then easily be extended to the orig-
inal N = 8 theory. A less trivial solution would be
to add some (N = 8) supersymmetry breaking po-
tential to the M2-brane action (3.15) and add ex-
tra terms to the supersymmetry variations in (3.12),
such that the algebra closes and the action is invari-
ant up to terms proportional to /B. It turns out how-
ever, that modifications of the M2-brane action and
the supersymmetry transformations become very in-
volved and lead inevitably to modifications in the D2-
brane side as well, such that it will no longer be
clear what the relation is with the obtained action
(3.18).
Finally we would like to point out that our re-
sults can be easily extended from probes in Minkowski
space to probes in any eleven-dimensional supersym-
metric background admitting an isometry, leading to,
for instance, probes in spaces describing supersym-
metric configurations of D-branes or NS-branes em-
bedded in fluxbrane backgrounds [28,29].
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We use the convention of [27]. The x10-direction is
denoted by z. We anti-symmetrise with unit coefficient
and always use a mostly plus metric. The covariant
derivative on a spinor reads
(A.1)Dµ = ∂µ + 14/ωµ.
A.1. SO(2,1) spinors
The SO(2,1) spinors are Majorana (i.e., λ¯= λT C =
α−1λ†γ0, with C charge conjugation and α a unimodu-
lar constant). We take the spinors to be Grassman val-
ued. The Clifford algebra is given by
(A.2){τµ, τ ν}= 2ηµν
with τ2 = −τ0τ1. The gamma-matrices can be repre-
sented by Pauli-matrices as
(A.3)τ0 = iσ1, τ1 = σ2, τ2 = σ3.
Hodge duality imposes the following relations be-
tween the gamma matrices
τµνρ =−µνρ, τµ = 12µνρτ
νρ,
(A.4)τµν =−µνρτρ, 1 = 16µνρτ
µνρ.
For λ¯τ (n)χ = t(n)χ¯τ (n)λ, we find the following trans-
position properties
n 0 1 2 3
t(n) + − − +
and the SO(2,1) Fierz identity is given by
(A.5)χλ¯=−1
2
(
λ¯χ + λ¯τµχτµ
)
.
A.2. SO(8) spinors
The SO(8) spinors are Majorana–Weyl and we
take them to be Grassman even. The chirality matrix
Γ∗ is defined as Γ∗ = ∏8a=1 Γ a and C is charge
conjugation. For λ¯Γ (n)χ = t(n)χ¯Γ (n)λ, we find the
following transposition propertiesn 0,4,8 1,5 2,6 3,7
t(n) + + − −
In the case that three spinors have the same chirality,
we have the following Fierz-identity
ηλ¯χ = 1
16
(
2λ¯ηχ − λ¯ΓabηΓ abχ
(A.6)+ 1
4! λ¯ΓabcdηΓ
abcdχ
)
.
A.3. SO(7) spinors
These spinors are Majorana and Grassman even.
Gamma matrices are Γ˜ i and γ i , charge conjugation
is C. The SO(7) gamma-matrices satisfy the following
Hodge-duality relations
(A.7)γi1...in =−
1
(7 − n)! ii1...i7γ
i7...i7−n .
For λ¯γ (n)χ = t(n)χ¯γ (n)λ, we find the following trans-
position properties
n 0,4 1,5 2,6 3,7
t(n) + − − +
and the Fierz identity is given by
λχ¯ = 1
8
(
χ¯λ+ χ¯γ iλγi − 12 χ¯γ
ij λγij
(A.8)− 1
6
χ¯γ ijkλγijk
)
.
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